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THE LOG-CONCAVITY CONJECTURE FOR THE
DUISTERMAAT-HECKMAN MEASURE REVISITED
YI LIN
ABSTRACT. Karshon constructed the first counterexample to the
log-concavity conjecture for the Duistermaat-Heckman measure:
a Hamiltonian six manifold whose fixed points set is the disjoint
union of two copies of T4. In this article, for any closed symplectic
four manifoldNwith b+ > 1, we show that there is a Hamiltonian
six manifoldM such that its fixed points set is the disjoint union of
two copies of N and such that its Duistermaat-Heckman function
is not log-concave.
On the other hand, we prove that if there is a torus action of
complexity two such that all the symplectic reduced spaces taken
at regular values satisfy the condition b+ = 1, then its Duistermaat-
Heckman function has to be log-concave. As a consequence, we
prove the log-concavity conjecture for Hamiltonian circle actions
on six manifolds such that the fixed points sets have no four di-
mensional components, or only have four dimensional pieceswith
b+ = 1.
1. INTRODUCTION
Consider the effective Hamiltonian action of a torus T on a 2n-
dimensional connected symplectic manifold (M, σ) with a proper
moment map Φ : M → t∗, where t = Lie(T). The Duistermaat-
Heckman measure [DH82] on t∗ is the push-forward of the Liouville
measure |β|, the one defined by the symplectic volume form
1
n!
ωn,
via the momentum map Φ. The Duistermaat-Heckman measure is
absolutely continuous with respect to the Lebesgue measure, and
its density function, which is well defined once the normalization
of the Lebesgue measure is declared, is said to be the Duistermaat-
Heckman function.
More generally, consider the Hamiltonian action of a compact con-
nected Lie groupG on the symplectic manifold (M,ω)with a proper
moment map Φ : M → g∗, where g = Lie(G). Let T be the maximal
torus of G with Lie algebra t and W the Weyl group of G. Choose
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2a W-invariant inner product on t so as to identify it with t∗. Then
we define measure ν on the positive Weyl chamber h+ ⊂ t
∗ by let-
ting 1
|W|
ν be the pushforward of the measure |β| via the composition
M
Φ
−→ g∗ → h+ = g∗/G.
A measure defined on Rk is said to be log-concave if it is abso-
lutely continuous with respect to the Lebesgue measure on Rk and if
the logarithm of its density function is a concave function. The log-
concavity of the Duistermaat-Heckman measure, and, more gener-
ally, of the measure ν we described in the previous paragraph, has
been established for circle actions on four manifolds by Y. Karshon
[Ka94, Remark 2.19], for torus actions on compact Ka¨hler manifolds
by W. Graham [Gr96], and for compact connected group actions on
projective varieties, possibly singular, by A.Okounkov [Ok97], [Ok96],
[OK98]. In particular, the result of [Ok97] led V. Ginzburg to conjec-
ture that the Duistermaat-Heckman measure is log-concave for any
Hamiltonian torus action on a compact symplectic manifoldM.
The same conjecture, independently of [Ok96], was propsed by A.
Knutson. In view of the above positive results, this conjecture seems
very plausible in early nineties. However, motivated by an exam-
ple of McDuff [MD88], Karshon [Ka96] constructed a Hamiltonian
circle action on a compact six manifold for which the Duistermaat-
Heckmanmeasure is non-log-concave, which provides the first coun-
terexample. For more background materials and motivations of the
log-concavity properties of the Duistermaat-Heckman measure, the
interested readers are strongly encouraged to read [OK00] for an ex-
cellent expository account.
In a different direction, inspired by [Ka96] and [Yan96], the au-
thor [Lin07] constructed the first counterexamples that the Hard Lef-
schetz property does not survive the symplectic reduction. These
examples provide us with an infinite class of six dimensional Hamil-
tonian circle manifolds which do not admit a Ka¨hler structure. Natu-
rally, the author was led to the question of whether the construction
used in [Lin07] can be adapted to produce general examples of non-
Ka¨hler Hamiltonian manifolds with non-log-concave Duistermaat-
Heckman functions so as to offer a better understanding why the
log-concavity property fails in the general symplectic category.
In this article we will present a rather satisfactory answer to the
above question. First, we prove that for any closed symplectic four
manifold N with b+ > 1, there exists a symplectic six manifold fi-
bred over N such that there is a Hamiltonian S1 action on M for
which the Duistermaat-Heckman function is non-log-concave. This
3provides us with a huge class of Hamiltonian manifolds with a non-
log-concave Duistermaat-Heckman function, since there are many
symplectic manifolds which satisfy b+ > 1, c.f., [Gom95] and [PS00].
As an application, we construct simply-connected six dimensional
Hamiltonian circle manifolds which satisfy the Hard Lefschetz prop-
erty and which have a non-log-concave Duistermaat-Heckman func-
tion. In particular, this shows that the Hard Lefschetz property, un-
like that of invariant Ka¨hler condition, does not imply the log-concavity
conjecture.
Second, we give a useful cohomological condition which ensures
the Duistermaat-Heckman function of a complexity two Hamilton-
ian torus action to be log-concave. More precisely, we prove that if
the symplectic quotients taken at any regular value have b+ = 1,
then the Duistermaat-Heckman function must be log-concave. As
a result, we establish the log-concavity conjecture for circle actions
on six manifolds such that the fixed points sets have no four di-
mensional components, or have only four dimensional pieces with
b+ = 1.
Indeed, given a circle action on a six manifold which satisfies the
above assumptions, when the action is semi-free, i.e., it is free on
the complement of the fixed point set, the fact that the symplec-
tic quotients taken at regular values have b+ = 1 can be seen by
the following observations. First, applying the equivariant Darboux
theorem to an invariant open neighborhood of the minimal critical
submanifold, one checks easily that b+ = 1 for symplectic quotients
taken at a regular value sufficiently close to the minimum. 1 By the
Duistermaat-Heckman theorem [DH82], in the same connected com-
ponent of the regular values of the moment map, the diffeotype of
symplectic quotients does not change. When passing a critical level
of the moment map, the diffeotype of symplectic quotients changes
by a blow up followed by a blow down [GS89]. Since the symplectic
quotients under consideration here are all four dimensional, blow-
ing up along a symplectic submanifold of dimension two does not
change the diffeotype, while blowing up at a point gives us an ex-
ceptional divisor of self-intersection number −1. So b+ = 1 for all
symplectic quotients taken at a regular value.
However, when the action is not semi-free, there is a glitch in the
above argument since in this case the symplectic quotients taken at
regular values are orbifolds, which causes some technical difficulties.
Onemight want to use the results established in [Go00] and compute
1 Details are given in the proof of Theorem 5.3.
4the change in b+ when passing a critical value bare-handedly. How-
ever, in this paper, we circumvent this by resorting to the wall cross-
ing formula for the signature of symplectic quotients developed by
Metzler [Me00], which holds for Hamiltonian torus actions in gen-
eral.
This paper is organized as follows. Section 2 reviews some ba-
sic concepts and results in symplectic geometry to set up the stage.
Section 3 proves for any closed symplectic four manifold N with
b+ > 1, there exists a Hamiltonian manifold fibred over N such
that the Duistermaat-Heckman function is non-log-concave. Section
4 applies these results to construct simply connected examples with
the Hard Lefschetz property. Section 5 proves the log-concavity con-
jecture for Hamiltonian circle actions on six manifolds whose fixed
points sets are either of codimension at most two or only having four
dimensional components with b+ = 1.
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2. PRELIMINARIES
2.1. Intersection form of 4ndimensional symplectic manifolds. For
a compact orientable manifold N of dimension 4n, the intersection
formQ on the 2n-th integer cohomology ofN is a symmetric bilinear
form defined by:
Q : H2n(N,Z)×H2n(N,Z)→ Z, Q([α], [β]) =< [α] ∪ [β], [N] >,
where [N] is the fundamental class of the manifold N. Using the De
Rham model, the corresponding form on the real cohomology can
be defined by:
Q : H2n(N,R)×H2n(N,R)→ R, Q([α], [β]) =
∫
N
α∧ β.
5By the Poincare´ duality, this is a non-degenerate symmetric bilin-
ear form. We define b+ and b− to be the dimensions of maximal
positive and negative subspaces of the form, and define the signa-
ture of the manifold N to be σ(N) = b+ − b−. Note that when N is a
symplectic manifold, we will assume that the orientation onN is the
one induced by the symplectic form.
The following simple looking lemma is actually a key point for
our construction of Hamiltonian manifolds with non-log-concave
Duistermaat-Heckman measure in Theorem 3.1.
Lemma 2.1. Let (N,ω0) be a compact symplectic four manifold such that
b+ > 1 and such that [ω0] is a rational cohomology class in H
2(N). And
let Q be the intersection form of (N,ω0). Then there exists an integral
cohomology class [c] ∈ H2(N,R) such that
(2.1) Q([c], [c]) > 0 and Q([c], [ω0]) = 0.
Proof. Write α1 = [ω0]. Since b
+ > 1 and since Q(α1, α1) > 0, over
the field of rational numbers there exists a basis α1, α2, · · · , αr of
H2(N,Q) such that
a) if 1 ≤ i = j ≤ b+, then Q(αi, αj) > 0 ;
b) if b+ < i = j ≤ r , then Q(αi, αj) < 0;
c) if i 6= j, then Q(αi, αj) = 0.
Choose [c] = α2 ∈ H
2(N,Q). Then it is easy to see thatQ([c], [c]) >
0 and Q([c], [ω0]) = 0. Replace [c] by [nc] for some appropriate pos-
itive integer if necessary, we get an integral class [c] such that the
condition (2.1) holds.

The following non-trivial fact was proved by Baldridge [Ba04] us-
ing Seiberg-Witten invariants and provides a useful criterion when a
symplectic four manifold must have b+ = 1.
Theorem 2.2. ([Ba04]) A symplectic 4-manifold which admits a circle ac-
tion with fixed points must have b+ = 1.
2.2. Duistermaat-Heckman function. Consider theHamiltonian ac-
tion of a torus T on a symplectic manifold (M,ω). Let a ∈ t∗ be a
regular value of the moment map Φ : M → t∗. When the action of
T on M is not quasi-free,2 the quotient Ma = Φ
−1(a)/T taken at a
regular value of the moment map is not a smooth manifold in gen-
eral. However, the singularity ismild andMadoes admit an orbifold
2 An action of a group G on a manifold M is called quasi-free if the stabilizers
of the points are connected.
6structure in the sense of Satake [S56], [S57]. Orbifolds, although not
necessarily smooth, do carry differential structures such as differen-
tial forms, fiber bundles, etc. So the usual definition of symplectic
structures extends to the orbifold case. In particular, the restriction
of the symplectic form ω to the level set Φ−1(a) descends to a sym-
plectic form ωa on the reduced space Ma [W77]. For our purpose,
it is also important to note that any orbifold is a rational homology
manifold [Ful93] and does satisfy the Poincare´ duality. Thus any
orbiford has a well defined signature just as in the manifold case.
The theorems that we are going to state in the rest of this sec-
tion hold for general torus actions which are not necessarily semi-
free. Their statements actually involve some basic orbifold related
notions, such as a principal bundle over an orbifold and a diffeo-
morphism of orbifolds. For basic notions in orbifold theory, we refer
to [R01], [CR01] and [ALR2007]. For a modern treatment of orb-
ifolds from the viewpoint of Lie groupoids, we refer to [MO02]. For
the foundation of Hamiltonian actions on symplectic orbifolds, the
interested reader may consult [LeTo97].
The following Duistermaat and Heckman theorem [DH82] is a
fundamental result in symplectic geometry.
Theorem 2.3. ([DH82]) Consider the effective Hamiltonian action of a k
dimensional torus T on a connected compact 2n dimensional symplectic
manifoldM with moment mapΦ : M→ t∗. We have that
a) at a regular value a ∈ t∗ ofΦ, the Duistermaat-Heckman function
f is computed by the following formula:
f(a) =
∫
Ma
ωn−ka
(n− k)!
,
whereMa = Φ
−1(a)/T is the symplectic quotient, ωa is the cor-
responding reduced symplectic form, and Ma has been given the
orientation ofωn−ka .
b) if a, a0 ∈ t
∗ lie in the same connected component C of the reg-
ular values of the moment map Φ, then the reduced space Ma =
Φ−1(a)/T is diffeomorphic toMa0 = Φ
−1(a0)/T ; furthermore, let
Γ be the finite subgroup of T generated by all the finite stabilizer
groups Tz, where z ∈ Φ
−1(a0), and let Z0 = Φ
−1(a0)/Γ , then us-
ing the diffeomorphismMa → Ma0 , the reduced symplectic form
onMa can be identified with
(2.2) ωa = ωa0+ < c, a− a0 >,
7where c ∈ Ω2(M, t∗) is a closed t-valued two form which repre-
sents the Chern class of the principal torus T/Γ -bundle π : Z0 →
Ma0 .
By the Atiyah-Guillemin-Sternberg convexity theorem (cf. [A82]
and [GS82]), the image of the moment map ∆ = Φ(M) is a convex
polytope. In fact, ∆ is a union of subpolytopes with the property that
the interiors of the subpolytopes are disjoint and constitute the set of
regular values of Φ. [GLS88] gave an explicit formula computing
the jump in the Duistermaat-Heckman function f across the wall of
Φ(M). Making use of it, Graham established the following result,
c.f., [Gr96, Section 3].
Proposition 2.4. ( [Gr96] ) SupposeΦ : M→ t∗ is the moment map of the
effective Hamiltonian action of torus T on a connected compact symplectic
manifoldM. Let a be a point on a codimension one interior wall of Φ(M),
and let v ∈ t∗ be such that the line segment {a + tv} is transverse to the
wall. For t in a small open interval near 0, write g(t) = f(a + tv), where
f is the Duistermaat-Heckman function. Then we have g ′+(0) ≤ g
′
−(0).
2.3. The wall crossing formula for the signature of symplectic quo-
tients. Consider the Hamiltonian action of S1 on a compact symplec-
tic manifold M with moment map Φ : M → R. Let a < a1 be two
points in the image of the moment map such that a0 is the unique
critical value between a and a1. Let X be the set of the critical points
of the moment map Φ which lies inside φ−1(a0). Then each con-
nected component of X is a submanifold of M, which we will call
critical submanifolds of M. Let X1, X2, · · · , Xk be all the critical sub-
manifolds sitting inside Φ−1(a0), and let Ei → Xi be the symplectic
normal bundle of Xi inM. Then for each 1 ≤ i ≤ k the Hessian of Φ
gives us a splitting
Ei = E
+
i ⊕ E
−
i
of Ei into a direct sum of positive and negative normal bundles. We
denote by 2bi and 2fi the real dimensions of E
−
i and E
+
i respectively.
The following Theorem 2.5 of Metzler [Me00] computes the change
in the signature and Poincare´ polynomial of symplectic quotients
across the critical value a0. By the way, given a topological space Y,
throughout this paper we will always denote by P(Y)(t) its Poincare´
polynomial.
8Theorem 2.5. ([Me00, pp. 3502, 3518]) Denote the half rank of the sym-
plectic normal bundle Ei by qi. Then
σ(Ma1) − σ(Ma) =
∑
1≤i≤k,qi odd
(−1)biσ(Xi),
P(Ma1)(t) − P(Ma)(t) =
k∑
i=1
P(Xi)(t)
t2bi − t2fi
1− t2
,
whereMa1 and Ma denote the symplectic quotients of the Hamiltonian
S1 action taken at a1 and a respectively.
We will also need the following result [Me00, Thm. 2.8] which
is the orbifold version of a result of Chern, Hirzebruch, and Serre
[CHS57].
Theorem 2.6. Let P → B be a fibre bundle over B with fibre F such that
1) P, B, F are compact connected oriented orbifolds;
2) the structure group of P is compact and connected.
If P, B, F are oriented coherently, then σ(P) = σ(B)σ(F).
3. MAIN CONSTRUCTION
A measure defined on Rk is said to be strictly non-log-concave if
it is absolutely continuous with respect to the Lebesgue measure on
R
k and if the logarithm of its density function 3 is a strictly convex
function.
Theorem 3.1. Assume that N is a closed symplectic four manifold with
b+ > 1, then there exists a sphere bundle π : M → N such that there is a
symplectic formω onM and a Hamiltonian S1 action on (M,ω) for which
the Duistermaat-Heckman measure is strictly non-log-concave.
Proof. Note that any closed symplectic manifold admits another sym-
plectic formwhose cohomology class is integral, see for e.g. [Gom95,
pp.561]. Without the loss of generality, henceforth we will assume
that N is equipped with a symplectic form ω0 such that [ω0] lies in
the image of H2(N,Z) in H2(N,R).
By Lemma 2.1, there exists an integral class [c] ∈ H2(N,R) which
satisfies the condition (2.1). Let πP : P → N be the principal S1 bun-
dle with Euler class [c], let Θ be the connection 1-form such that
dΘ = π∗Pc, let S
1 act on S2 by rotation and let M be the associated
3 Strictly speaking, the density function is well defined only if we declare the
normalization of the Lebesgue measure.
9bundle P ×S1 S
2. Note that the action of S1 on S2 preserves the stan-
dard symplectic form, i.e., the area form, on S2, and is Hamiltonian.
Indeed, in cylindrical polar coordinates (θ, h) away from the poles,
0 ≤ θ < 2π,−1 ≤ h ≤ 1, the area form σ on S2 can be written as
dθ∧ dh and the moment map for the rotating action of S1 is just the
height function µ = h. Since S1 is the structure group, π : M → N
is a symplectic fibration over the compact symplectic four-manifold
N. The symplectic form σ on S2 gives rise to a symplectic form σx
on each fibre π−1(x), x ∈ N; moreover, the S1-action on S2 induces a
fibrewise S1 action onM.
Next, we resort to minimal coupling construction to get a closed
two form η onMwhich restricts to the forms σx on the fibres. Let us
give a sketch of this construction here and refer to [W78] and [GS84]
for technical details.
Consider the closed two form −d(xΘ) = −xdΘ − dx ∧ Θ defined
on P × R, where x is the linear coordinate on R. It is easy to see the
S1 action on P × R given by
λ(p, x) = (λp, x)
is Hamiltonian with moment map x. Thus the diagonal action of
S1 on (P × R) × S2 is also Hamiltonian, and M is just the reduced
space of (P×R)×S2 at the zero level. Moreover, the closed two form
(−d(xΘ) + σ) |zero level descends to a closed two form η onMwith the
desired property; whereas x | zero level descends to a globally defined
function H on M whose restriction to each fiber S2 is just the height
function h.
It is useful to have the following explicit description of η. Observe
that dθ−Θ is a basic form on (P ×R)× S2. Its restriction to the zero
level of (P×R)×S2 descends to a one form θ˜ onMwhose restriction
to each fibre S2 is just dθ. It is easy to see that on the associated
bundle P×S1 (S
2−{two poles})we actually have η = Hπ∗Mc+θ˜∧dH.
Note that the restriction of η to each fiber are symplectic forms σx.
Thus by a famous argument due to Thurston [MS98], for sufficiently
small constant ǫ > 0 the form π∗Mω0+ ǫη is symplectic. Without the
loss of generality, we will assume that ǫ is so small that
(3.1) Q([ω0], [ω0]) > ǫ
2Q([c], [c]).
Having chosen such a symplectic form π∗ω0+ǫη onM, a simple cal-
culation shows that the fibrewise S1-action on (M,ω) is Hamiltonian
with the moment map t := ǫH : M→ R.
Now let us compute the Duistermaat-Heckman function f . Ob-
serve that at the level set −ǫ < t < ǫ, the symplectic quotient is just
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N with the reduced symplectic form ω0+ tc. Therefore by Proposi-
tion 2.3 the Duistermaat-Heckman function
f(t) =
∫
N
1
2
(ω0+ tc)
2
=
1
2
(
Q([c], [c])t2+ 2Q([c], [ω0])t+Q([ω0], [ω0])
)
First note that ln f is strictly non-log-concave if and only if f ′′f −
(f ′)2 > 0. However, a simple calculation shows that
2
(
f ′′f− (f ′)2
)
=
(
Q([c], [c])Q([ω0], [ω0]) − 2Q
2([c], [ω0])
)
−
(
Q2([c], [c])t2+ 2Q([c], [c])Q([c], [ω0])t
)
.
Since by construction [c] satisfies the condition (2.1), we have
2
(
f ′′f− (f ′)2
)
= Q([c], [c])Q([ω0], [ω0]) −Q
2([c], [c])t2.
Now it follows easily from the inequality (3.1) and −ǫ < t < ǫ
that f ′′f − (f ′)2 > 0. Hence the Duistermaat-Heckman function f is
strictly non-log-concave. This finishes the proof of Theorem 3.1.

Remark 3.2. For instance, K3 surfaces and complex tori are Ka¨hler
surfaces with b+ = 3. Applying Theorem 3.1 to the case N = T4,
we recover Karshon’s example of a non-log-concave Duistermaat-
Heckman measure. In the general symplectic category, we note that
there are many examples of symplectic four manifolds with b+ >
1, c.f., [Gom95] and [PS00]. Thus Theorem 3.1 provides us with
a large family of Hamiltonian manifolds with a non-log concave
Duistermaat-Heckman measure.
4. SIMPLY CONNECTED EXAMPLES WITH THE HARD LEFSCHETZ
PROPERTY
A compact symplectic manifold (M,ω) of dimension 2m is said to
have the Hard Lefschetz property or equivalently to be a Lefschetz
manifold if and only if for any 0 6 k 6 m, the Lefschetz type map
(4.1) Lk[ω] : H
m−k(M,R)→ Hm+k(M,R), [α]→ [α∧ωk]
is an isomorphism.
The follow result allows us to construct simply connected Hamil-
tonian manifolds with the Hard Lefschetz property which have a
strictly non-log-concave Duistermaat-Heckman measure.
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Theorem 4.1. Assume that N is a closed symplectic four manifold which
satisfies the Hard Lefschetz property and b+ > 1. Then there exists a sphere
bundle π : M → N such that there is a symplectic form ω on M and
a Hamiltonian S1 action on (M,ω) for which the Duistermaat-Heckman
function is strictly non-log-concave; moreover, (M,ω) is a compact sym-
plectic manifold which satisfies the Hard Lefschetz property.
Proof. Let (M,ω) be the symplectic six manifold constructed in the
proof of Theorem 3.1. It suffices to show that in the proof of Theorem
3.1, for sufficiently small constant ǫ > 0, (M,π∗ω0+ ǫη) satisfies the
Hard Lefschetz property. The proof is very similar to the one given
in the proof of [Lin07, Prop. 4.2], though the assumption here is
slightly different from the one used in [Lin07, Prop. 4.2].
Note that the restriction of the cohomology class of η to each fi-
bre S2 generates the second cohomology group H2(S2,R). By the
Leray-Hirsch theorem (see e.g., [BT82, Thm. 5.11]), the pullbackmap
π∗ : H∗(N) → H∗(M) embeds H∗(N) into H∗(M), and additively
H∗(M,R) is a free module generated by 1 and [η]. It follows that
[η2] = [π∗β2 ∧ η] + [π
∗β4] for some closed forms β2 and β4 on N of
degree two and four respectively.
Choose an ǫ > 0 which is sufficiently small such that the determi-
nant of the linear map L[2ω0+ǫβ2] : H
1(N,R) → H3(N,R) is non-zero
and such that
(4.2) [ω0]
2 6= −ǫ2[β4] + ǫ[ω0∧ β2].
We claim for the ǫ chosen above, the symplectic manifold (M,π∗ω0+
ǫη) satisfy the Hard Lefschetz property. By the Poincare´ duality it
suffices to show the two Lefschetz maps
(4.3) L2[ω] : H
1(M,R)→ H5(M,R)
and
(4.4) L[ω] : H
2(M,R)→ H4(M,R)
are injective. We will give a proof in two steps below.
(i) Since by the Leray-Hirsch theorem H1(N)
⋍
−→
π∗
H1(M), to
show Map (4.3) is injective we need only to show that for
any [λ] ∈ H1(N,R) if L2
[ω](π
∗[λ]) = 0, then [λ] = 0. A straight-
forward calculation shows that
0 = L2[ω]([π
∗λ]) = π∗
(
2ǫ[ω0] + ǫ
2[β2]
)
∧ [π∗λ]∧ [η].(4.5)
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SinceH∗(M) is free over 1 and [η], 0 = π∗
(
([2ǫω0+ ǫ
2β2])∧ [λ]
)
.
By our choice of ǫ, the determinant of the linearmap L[2ǫω0+ǫ2β2] :
H1(N)→ H3(N,R) is non-zero and so we have [λ] = 0.
(ii) To show that Map (4.4) is injective it suffices to show that
if L[ω](π
∗[ϕ] + k[η]) = 0 for arbitrarily chosen scalar k and
second cohomology class [ϕ] ∈ H2(N,R), thenwe have [ϕ] =
0 and k = 0. Since ω = π∗ω0 + ǫη and [η
2] = [π∗β2 ∧ η] +
[π∗β4], we have
0 = L[ω](π
∗[ϕ] + k[η])
= (π∗[ω0∧ϕ] + ǫkπ
∗[β4]) + (kπ
∗[ω0] + ǫπ
∗[ϕ] + ǫkπ∗[β2])∧ η
(4.6)
Since H(M) is a free module over 1 and [η], we have that
(4.7) π∗[ω0∧ϕ] + ǫkπ
∗[β4] = 0
(4.8) kπ∗[ω0] + ǫπ
∗[ϕ] + ǫkπ∗[β2] = 0
If k = 0, it follows easily from Equation (4.8) that [ϕ] = 0.
Assume k 6= 0, substitute π∗[ϕ] = −
1
ǫ
kπ∗[ω0] − kπ
∗[β2] into
Equation (4.7). As a result,
π∗[ω0]∧ (−kπ
∗[ω0] − ǫkπ
∗[β2]) + ǫ
2kπ∗[β4] = 0
For k 6= 0, we get
π∗([ω0])
2 = −ǫ2π∗[β4] + ǫπ
∗[(ω0)∧ β2],
which clearly contradicts Equation (4.2).

Example 4.2. Choose any simply connected compact symplectic four
manifold N such that b+ > 1. (Examples of such symplectic mani-
folds are abundant. For instance, choose N to be 3CP2#19Cp2, c.f.,
[Gom95].) Note that by the Poincare´ duality any simply connected
compact symplectic four manifold satisfies the Hard Lefscehtz prop-
erty. Applying Theorem 4.1 we get a six dimensional Hamiltonian
S1manifold (M,ω)which satisfies the Hard Lefschetz property and
which has a strictly non-log-concave Duistermaat-Heckman func-
tion. It then follows easily from the long exact sequence of homo-
topy groups for an S2 fibration that M is simply connected as well.
The Hamiltonian manifold (M,ω) does not admit an S1 invariant
Ka¨hler structure since its Duistermaat-Heckman function is non-log-
concave, c.f., [Gr96].
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5. THE LOG-CONCAVITY FOR TORUS ACTIONS OF COMPLEXITY TWO
The Hamiltonian action of a k-dimensional torus on a 2n dimen-
sional symplectic manifold is said to be of complexity two if n− k =
2. Theorem 5.1 gives a useful criterion to ensure the log concavity of
the Duistermaat-Heckman measure for a Hamiltonian torus action
of complexity two.
Theorem 5.1. Assume that the action of a torus T on a connected compact
symplectic manifold M is an effective Hamiltonian action of complexity
two with moment map Φ : M → t∗. And assume that for any regular
value ξ ∈ t∗ of Φ, the symplectic reduced spaceMξ = Φ
−1(ξ)/T has that
b+ = 1. Then the Duistermaat-Heckman function f is log-concave.
Proof. In view of Proposition 2.4, to establish the log concavity of f on
Φ(M), it suffices to show that the restriction of ln f to each connected
component of the set of regular values of Φ is concave. Let C be
such a component, let v ∈ t∗, and let {a + tv} be a line segment in C
passing through a point a ∈ C, where the parameter t lies in some
small interval containing 0. We need to show that g(t) := f(a+ tv) is
log-concave, or equivalently, g ′′g− (g ′)2 ≤ 0.
It follows from Theorem 2.3 that the Duistermaat-Heckman func-
tion f is computed by
f(a+ tv) =
1
2
∫
Ma
(ωa+ tc)
2
=
1
2
(
Q([c], [c])t2+ 2Q([c], [ωa])t+Q([ωa], [ωa])
)
,
(5.1)
where Ma = Φ
−1(a)/T is the reduced space at a ∈ C, ωa is the
reduced symplectic form on it, and c ∈ Ω2(Ma) is a closed two form
depending only on v in C. Consequently,
2(g ′′g− (g ′)2) =
(
Q([c], [c])Q([ωa], [ωa]) − 2Q
2([c], [ωa])
)
−
(
Q2([c], [c])t2+ 2Q([c], [c])Q([c], [ωa])t
)
Since b+(Ma) = 1, there exists a real basis α1, α2, · · · , αk of H
2(N,R)
such that [ωa] = rα1 for some positive constant r and such that
Q(αi, αj) =


1, if i = j = 1 ;
−1, if 2 ≤ i = j ≤ k;
0, otherwise.
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Write [c] =
∑k
i=1λiαi for some real scalars λi. Then we have
2(g ′′g− (g ′)2) = −
(
(λ21− λ
2
2− · · ·− λ
2
k)
2t2+ 2(λ21− λ
2
2− · · ·− λ
2
k)λ1rt
)
+
(
(λ21− λ
2
2− · · ·− λ
2
k)r
2− 2λ21r
2
)
= −(λ21− λ
2
2− · · ·− λ
2
k)
2t2− 2(λ21− λ
2
2− · · ·− λ
2
k)λ1rt
−
(
λ21+ λ
2
2+ · · ·+ λ
2
k
)
r2.
If the leading coefficient−(λ21−λ
2
2−· · ·−λ
2
k)
2 of the above polynomial
equals zero, then obviously we have g ′′g ′ − (g ′)2 ≤ 0. Otherwise,
2(g ′′g ′− (g ′)2) is a quadratic polynomial with a negative leading co-
efficient. Furthermore, the discriminant of this quadratic polynomial
is
∆ = 4(λ21− λ
2
2− · · ·− λ
2
k)
2λ21r
2− 4(λ21− λ
2
2− · · ·− λ
2
k)
2(λ21+ λ
2
2+ · · ·+ λ
2
k)r
2
= 4(λ21− λ
2
2− · · ·− λ
2
k)
2
(
λ21r
2− (λ21+ λ
2
2+ · · ·+ λ
2
k)r
2
)
= −4(λ21− λ
2
2− · · ·− λ
2
k)
2(λ22+ · · ·+ λ
2
k)r
2
which is clearly non-positive. Thus 2(g ′′g− (g ′)2) has to be negative
for all t ∈ I. This finishes the proof of the theorem.

Theorem 5.3 and Theorem 5.5 below give a rather satisfactory an-
swer to the question when the log-concavity conjecture holds for S1
actions on six manifolds. To prove them, we need to establish the
following key lemma.
Lemma 5.2. Suppose the action of S1 on a connected compact symplectic
six manifoldM is Hamiltonian. Let Φ : M → R be the moment map, and
letMa := Φ
−1(a)/S1 be the symplectic quotient taken at the regular value
a of Φ. Then b+(Ma) remains constant as a runs through all the regular
values of Φ.
Proof. Let a0 = minimum < a1 < · · · < ak = maximum be all the
critical values ofΦ.
By Theorem 2.3 the diffeotype ofMa remains unchanged on each
open interval (ai−1, ai), 1 ≤ i ≤ k. Thus b
+(Ma) is a constant on each
open interval (ai−1, ai). Next we note that for dimension reasons, if
a critical submanifold X is neither the minimum nor the maximum
submanifold, the signature of the Hessian of Φ at X can only be of
the form (2, 2p) or (2, 2q) for some integers p, q > 0. It follows that
any such critical submanifold can be of dimension at most 2. By the
way, when the signature of the Hessian ofΦ at a critical submanifold
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X is of the form (2p, 2q), we will say that the critical submanifold X
is of type (2p, 2q) 4.
Now let Xi be all the critical submanifolds sitting inside Φ
−1(ai),
and let (2fi, 2bi) be the signature of the Hessian of Φ at Xi. Then
by Theorem 2.5, the change in the signature of symplectic quotients
when passing the critical value ai is computed by
(5.2)
∑
1≤i≤k,qi odd
(−1)biσ(Xi),
while the change in the Poincare´ polynomial is computed by
(5.3)
k∑
i=1
P(Xi)(t)
t2bi − t2fi
1− t2
.
Note that if the dimension of Xi is two, then the signature of the
Hessian of Φ at Xi is (2, 2) and σ(Xi) = 0. So Xi does not have any
contribution in either Equation (5.2) or Equation (5.3).
LetN1 be the number of the type (2, 4) isolated fixed points sitting
inside Φ−1(ai), and let N2 be the number of the type (4, 2) isolated
fixed points sitting inside Φ−1(ai). Then when passing the critical
value ai, the change in the signature of symplectic quotients equals
N1−N2, whereas the change in the second Betti number equalsN2−
N1. Therefore the change in the sum σ + b2 is null. Note that for
any four manifold b+ =
1
2
(σ + b2). So the change in b
+(Ma) when
a passes through the critical level ai is also null. This finishes the
proof of the lemma.

Theorem 5.3. Let (M,ω) be a compact connected symplectic six manifold
equipped with a Hamiltonian S1 action whose fixed points set has codimen-
sion greater than or equal to four. Then the Duistermaat-Heckman function
ofM is log-concave.
Proof. Let Φ be the moment map of the S1 action on M such that
a0 ∈ R is the minimum value, let F be the unique local minimum
fixed points submanifold in Φ−1(a0)which is of codimension k, and
let E be the symplectic normal bundle of F inM. Choose an S1 invari-
ant Hermitian inner product on E such that E becomes a Hermitian
vector bundle. Denote by P the principal U(k)-bundle, i.e., the uni-
tary frame bundle, associated to E and choose a connection on it.
4The standard terminology is to say that the critical submanifold is of signature
(2p, 2q). Because in our paper the word ”signature” has been reserved to refer to
something else, we use the word ”type” here to avoid the confusion.
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This gives a projection map TP → VP, where TP is the tangent bun-
dle of P and VP is the bundle of vertical tangent vectors. Dually, we
have an embedding i : V∗P → T ∗P. Let ωP be the standard sym-
plectic form on the cotangent bundle T ∗P. Then the U(n) action on
P lifts to an action on V∗P which is Hamiltonian with respect to the
two form i∗ωP on V
∗P.
Consider the diagonal Hamiltonian action ofU(k) on V∗F×Ck and
perform reduction at the zero level. Then we get a closed two form
which is non-degenerate on a tubular neighborhood Eδ of F. Since
the standard S1 action on Cn commutes with the U(k)-action, it de-
scends to a Hamiltonian action on Eδ. By the equivariant Darboux
theorem, we can identify the above Hamiltonian S1manifold Eδwith
an S1 invariant open neighborhood of F in M. Then by a reduction
by stage argument, it is easy to see that the for any a > a0 sufficiently
close to the minimum value a0, as a topological space the symplectic
reduced spaceMa = Φ
−1(a)/S1 is just a weighted CPk-bundle over
F. Indeed, when k = 6, topologically Ma is a weighted projective
space CP2, and when k = 4, is a weighted CP1-bundle over the sur-
face F. We claim that in both cases b+ = 1. In the former case, since
the rational cohomology of the weighted projective space CP2 is iso-
morphic to that of the ordinary projective space CP2( c.f., [Me00, pp.
3500]) , we have that b+ = 1. In the latter case, the restriction of
the reduced symplectic form ωa on Ma to each fiber, a weighted
projective space CP1, generates its second cohmology which is one
dimensional. So it follows easily from the Leray-Hirsch theorem 5
that H2(Ma,R) is two dimensional. Beside, it is easy to see from
Theorem 2.6 that the signature of Ma is zero. Therefore we have
b+(Ma) = 1. Applying Lemma 5.2 we have that all the symplectic
quotients taken at regular values of Φ satisfy b+ = 1. By Theorem
5.1 the Duistermaat-Heckman function of M has to be log-concave.
This finishes the proof of the theorem.

Remark 5.4. Alternatively, when symplectic quotients are regular
manifolds, one can show that b+(Ma) = 1 for a0 < a < a1 using
Theorem 2.2. It is interesting to notice that in the case codimension
is greater than or equal to 4,Ma admits an effective fibrewise S
1 ac-
tion which has fixed points.
5The spectral sequence argument given in [BT82, pp.170] can be easily adapted
to show that the Leray-Hirsch theorem does extend to this case.
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Theorem 5.5. LetM be a compact connected symplectic six manifold equipped
with a Hamiltonian S1 action whose fixed points set has components of di-
mension four. Then we have that
a) there are only two such components of dimension four: the unique
minimum submanifold and the unique maximum submanifold;
b) b+(minimum) = b+(maximum).
If in addition, we assume b+(minimum) = b+(maximum) = 1, then
the Duistermaat-Heckman function of the Hamiltonian manifoldM is log-
concave.
Proof. It is a well known result that the any level set of the moment
map is connected, c.f., [A82]. In particular, M has a unique local
minimum and a unique local maximum. Thus if a critical subman-
ifold F is neither minimum nor maximum, then it must be of sig-
nature (2p, 2q) for some integers p, q > 0. Now Assertion (a) fol-
lows easily from this observation. Next using the equivariant Dar-
boux theorem, it is easy to see that for a regular value a sufficiently
close to the minimum value of the moment map Φ, as a topolog-
ical space the symplectic quotient Ma = Φ
−1(a)/S1 can be identi-
fied with the minimum submanifold. Then it follows from Lemma
5.2 that b+(Ma) = b
+(minimum) = b+(maximum) for any regular
value a of Φ. This proves Assertion (b). The last assertion in the
theorem now follows easily from Theorem 5.1.

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